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Abstract. Let KoiV /X) be the relative Grothendieck group of varieties over X G 
Obj(y), with V = V^.'''' (resp. V = V"") the category of (quasi-projective) algebraic 
(resp. compact complex analytic) varieties over a base field k. Then we constructed the 
motivic Hirzebruch class transformation Ty : Kq(V / X) — > H^{X) Q[y] in the 
algebraic context for k of characteristic zero, with Ht{X) = CHt(X) (resp. in the 
complex algebraic or analytic context, with Ht{X) = It "unifies" the well- 

known three characteristic class transformations of singular varieties: MacPherson's Chern 
class, Baum-Fultoii-MacPherson's Todd class and the L-class of Goresky-MacPherson 
and Cappell-Shaneson. In this paper we construct a bivariant relative Grothendieck group 
Ko{V/X -> Y) for V = V^''*'^ (resp., V^") so fiiat Ko(V/X -i- pt) = Ko{V/X) in 
the algebraic context with k of characteristic zero (resp., complex analytic context). 

We also construct in the algebraic context (in any characteristic) two Grothendieck 
A™°* : KoiViP/X ^ y) ^ Kaig(X -> Y)»Z[y] and 
Y) B{X y) ® Q[y] wifii Kaig{f) the bivariant algebraic 
K-theory of /-perfect complexes and H the bivariant operational Chow groups (or the even 
degree bivariant homology in case k = C). Evaluating at y = 0, we get a "motivic" lift 
To of Fulton-MacPherson's bivariant Riemann-Roch transformation r : K^jg — > Hg^Q. 
The covariant transformations mCy : KoiVP/X pt) Go{X) ® Z[y] and Ty, : 
]Ko(V'*'/Jf — > pt) — > Hf {X) ^ Q[y] agree for k of characteristic zero with our motivic 
Chem- and Hirzebruch class transformations defined on Ko{V''P / X). Finally, evaluating 
at y = —1, for k of characteristic zero we get a "motivic" lift T_i of Ernsti'om-Yokura's 
bivariant Chem class transformation 7 ; IF — ^ CH. 



1. Introduction 

The classical theory of characteristic classes of vector bundles is a natural transforma- 
tion from the contravariant monoid functor {Vect, ©) of isomorphism classes of complex 
or algebraic vector bundles, or the associated Grothendieck group K'^, to a contravariant 
cohomology theory H*. When it comes to characteristic classes of singular spaces, they 
have been so far formulated as natural transformations from certain covariant theories to 
a covariant homology theory iJ, . Topologically or geometrically, the following charac- 
teristic classes of singular spaces are most important and have been well-investigated by 
many people. Here we work either in the category V — V^*^"* of (quasi-projective) al- 
gebraic varieties (i.e. reduced separated schemes of finite type) over a base field k, with 
H^,{X) — CHf,{X) the Chow homology groups, or in the category V — V°" of compact 
reduced complex analytic spaces, with H^,{X) ~ the even degree Borel-Moore 

homology in the complex algebraic or analytic context: 
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• MacPherson's Chern class transformation ll5l l20l |23]| : 

: F{X)^H,{X), 

defined on the group F{X) of constructible functions in the algebraic context for 
k of characteritic zero or in the compact complex analytic context. 

• Baum-Fulton-MacPherson's Todd class or Riemann-Roch transformation ll2l [T3l : 

td, : Go{X) ^ H,{X) (g) Q, 

defined on the Grothendieck group Gq{X) of coherent sheaves in the algebraic 
context in any characteristic. In the compact complex analytic context such a trans- 
formation can be deduced (compare with jS)) from Levy's i^-theoretical Riemann- 
Roch transformation |2JU. 

• Goresky- MacPherson's homology L-class ifTSl . which is extended as a natural 
transformation by Cappell-Shaneson jO) (see also Il5] |29ll28l ): 

: n{X) ^ H,{X) ® Q 

defined on the cobordism group il{X) of selfdual constructible sheaf complexes. 
This transformation is only defined for compact spaces in the complex algebraic 
or analytic context, with Jf» the usual homology, since its definition is based on a 
corresponding signature invariant together with the Thom-Pontrjagin construction. 

In 1973 R. MacPherson gave a survey talk about characteristic classes of singular vari- 
eties, and his survey article Il24l ends with the following remark: 

"It remains to be seen whether there is a unified theory of characteristic classes of sin- 
gular varieties like the classical one outlined above.'^ 

In our previous paper |5 1 (see also |l6l, ll26l . Il25l and ll32l ) we introduced in the al- 
gebraic context for k of characteristic zero, as well as in the compact complex analytic 
context, the motivic Hirzebruch class transformation 

Ty^:Ko{V/X)^H,(X)®Q[v], 

defined on the relative Grothendieck group Kq{V /X) of varieties over X G OhjiV), with 
V = V^'''''' resp. V = V™- This Hirzebruch class transformation "unifies" the above 
three characteristic classes c, , id*, i* (see also §3) in the sense that we have the following 
commutative diagrams of transformations: 



K^{V/X) 




F{X) ^ H,{X) ® Q. 

Ko{V/X) 




Go[X) ^ H,{X) ® Q. 



At that time Goresky-MacPherson's homology L-class was not available yet and it was defined only after 
the theory of Intersection Homology was invented by Mark Goresky and Robert MacPherson. 
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Ti, 



VL{X) H^{X) ® Q. 

This "unification" could be considered as a positive answer to the above MacPherson's 
remark. The commutativity of the diagrams above follows already from the normalization 
condition 

Ty,{x) := Ty,{[idx]) - t;{tx) n [X], 

for X a smooth manifold. Here the Hirzebruch class T* {E) of the complex or algebraic 
vector bundle E over X is defined to be (see lfT8l[T9l ): 

rank E 

T;{E):^ n Qy{a,)eH*{X)®^[y], 

4=1 

with 

a{i + y) 

1 — e^Mi+y 



rank(E) 



Here tti are the Chern root of i?, i.e., c(£') = (1 + Note that Qj, is a normalized 

4 = 1 

power series, i.e. Qy{Q) — 1, with: 



• r*i(_E) = c{E) the Chern class, since Q-i{a) = 1 + a. 

• T^{E) = td{E) the Todd class, since Qo{a) = 



1 - e-" 

• T^{E) = L{E) the Thom-Hirzebruch L-class, since Qi{a) 



tanha 

Moreover, we also constructed in f5\ in the algebraic context for k of characteristic zero, 
and in the compact complex analytic context, the motivic Chern class transformation 

mCy : Ko{V/X) ^ Go(X) ® Z[y]. 

This satisfies the normaUzation condition 

dim{X) 

mCy{X) := mCy{[idx]) = ^ [A'T*X] ■ = Xy{[T* X]) n [Ox] 

4 = 

for X a smooth manifold, with \y the total A-class. Then the Hirzebruch class trans- 
formation Ty^ could also be defined as the composition id* o mCy, renormalized by the 
multiplication x (1 + y)^' on Hi{X) (g) to fit with the normalization condition above. 
So mCy could be considered as a K-theoretical refinement of Tj,^. 

In early 1980's William Fulton and Robert MacPherson have introduced the notion of 
bivariant theory as a categorical framework for the study of singular spaces, which is the ti- 
tle of their AMS Memoir book 1 14 1 (see also Fulton's book 1 13 |). As reviewed very quickly 
in §2, a bivariant theory is definded on morphisms, instead of objects, and unifies both a 
covariant functor and a contravariant functor. Important objects to be investigated in Bivari- 
ant Theories are what they call Grothendieck transformations between given two bivariant 
theories. A Grothendieck transformation is a bivariant version of a natural transformation. 
A bit more precisely, the main objective of lfT4ll are bivariant-theoretic Riemann-Roch 
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transformations or bivariant analogues of various theorems of Grothendieck-Riemann- 
Roch type. A key example of 1141 Part II] is the bivariant Riemann-Roch transformation 
T : Kaig — > H Q on the category V = of complex quasi-projective varieties, with 
Kaigif) the bivariant algebraic K-theory of /-perfect complexes and H the even degree bi- 
variant homology. It unifies the covariant Todd class transformation td^, and the contravari- 
ant Chern character ch. An algebraic version on the category V = V^^ of quasi-projective 
varieties over a base field k of any characteristic was constructed later on in [ 13 , Exam- 
ple 18.3.19], with H = CH the bivariant operational Chow groups. As another example, 
Fulton-MacPherson constructed in (14', Part I, §6] a bivariant Whitney class transformation. 
And they asked in the complex algebraic context for a corresponding bivariant Chern class 
transformation 7 : F — H on their bivariant theory F of constructible functions satisfying 
a suitable local Euler condition, which generalizes the covariant MacPherson Chern class 
transformation c*. For H the even degree bivariant homology, this problem was solved 
by Brasselet ||4l in a suitable context (even for compact analytic spaces), whereas Ern- 
strom-Yokura fTP\ solved it for H = CH) another bivariant operational Chow 

group theory (for the notation A^^ see ifTTl '). Finally, relaxing the local Euler condition, 
they introduced in lfT2l a bivariant Chern class transformation 7 : F — s> CH from another 
bivariant theory F of constructible functions. This last approach is based on the usual cal- 
culus of constructible functions and the surjectivity of c* : F{X) CH^, (X), so it works 
in the algebraic context over any base field k of characteristic zero (even though it was 
stated in |12| only in the complex algebraic context). Here ¥{X pt) — F{X) follows 
from the multiplicativity of c» with respect to cross products x . 

One of the main objects of the present paper is to obtain two bivariant analogues 

mCy = A;"°* : Ko{V^P/X ^Y)^ Kaig{X ^ Y) (g, Z[y] 

and 

Ty : KoiV'P/X ^Y)^ m{X ^ F) Q[y] 

of the motivic Chern and Hirzebruch class transformations mCy and Ty^, with Ty defined 
as the composition romCy, renormalized by the multiplication x on]HI*(— 
Moreover, Ty unifies the bivariant Riemann-Roch transformation r : Kaig —^Mi^Q (for 
y — 0) and the bivariant Chern class transformation 7 : F — > CH (for y = —1). Note 
that a bivariant L-class transformation (corresponding to y = 1) is still missing. In [7 , 8] 
we considered a kind of general construction of a bivariant analogue of a given natural 
transformation between two covariant functors, but our approach presented in this paper 
is quite different from it. The former is more "operational", but the latter is more "direct" 
and very "motivic", as outlined below. 

Let V ~ vl'^''^'' be the category of (quasi-projective) algebraic varieties (i.e. reduced 
separated schemes of finite type) over a base field k of any characteristic, or let V ~ V^" 
be the category of compact reduced complex analytic spaces. On the category V we define 

M{V/X A Y) 

to be the free abelian group on the set of isomorphism classes [V ^ X] of proper mor- 
phisms h : V ^ X such that the composite f oh : V ^ Y isa smooth morphism, in other 
words, h : V X is "a left quotient" of a smooth morphism s : V —?■ Y devided by the 
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given morphism /; 



foh — s or h——, 
V 




X .y. 



Here two morphisms h : V ^ X and h' : V' X aie called isomorphic to each other if 
there exists an isomorphism : V ^ V such that the following diagram commutes 



Theorem 1.1. The association M(V/— ) becomes a bivariant theory with natural bivariant- 
theoretic operations. 

Let B be a bivariant theory on V such that a smooth morphism f : X Y has a nice 
canonical orientation e{f) e B(/), like M(V/-), with 9{f) := [X ^ X] (these no- 
tions will be explained in §2). In the algebraic context, examples for B are given by the 
bivariant algebraic K-theory Kaig of relative perfect complexes and the bivariant opera- 
tional Chow groups CH. Examples in the complex algebraic or analytic context are given 
by the (even degree) bivariant topological K-theory K*°p or homology theory H ® i? of 
Fulton-MacPherson lfT4l . with B = Z, Q, Q[y]. Another example is Fulton-MacPherson's 
bivariant theory F of constructible functions in the complex algebraic or analytic context, 
or Ernstrom-Yokura's bivariant theory F of constructible functions in the algebraic con- 
text over a base field of characteristic zero, with 9{f) = 1/ := Ix for a smooth morphism 
f : X ^Y. Then the following result also applies to this context of bivariant constructible 
functions, if one trivially defines c£{V) := 1 as the unit in B* (— ) for all vector bundles V. 

Theorem 1.2. Let c£ : Vect{—) B*(— ) be a contravariant functorial characteristic 
class of algebraic (or analytic) vector bundles with values in the associated cohomology 
theory, which is multiplicative in the sense that ci{V) = c£{V')ci(V")for any short exact 
sequence of vector bundles Q V' ^ V ^ V" — > 0. Assume c£ commutes with the 
canonical orientation 9, i.e. 9(f) • cl{V) — f*cl(V) • 9{f) for all smooth morphism 
f : X ^ Y and V G Vect(Y). Then there exists a unique Grothendieck transformation 



satisfying the normalization condition that for a smooth morphism f : X ^ Y thefollow- 
ing identity holds in M{X Y): 



V 



v 




X. 



7rf : M(V/-) ^ B(-) 




This 7rf : M(V/— ) — !• B(— ) should be considered as a "pre-motivic" bivariant theory 
of characteristic classes. In particular, if we consider the case of a mapping X — > to a 
point, M*(V/X) M(V/X pt) behaves covariantly and we have 
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Corollary 1.3. : M, (V/— ) — > B*(— ) is a unique natural transformation satisfying 
the "normalization condition " that for a smooth variety X 

jciAiX ^ X]) = cl{TX) f)[X], 

with [X] :— 9{p) G B*(X) the "fundamental class" of X given by the canonical orienta- 
tion of the smooth morphism p : X ^ pt. 

Remark 1.4. We note that in fact the characteristic class c£ does not need to be mul- 
tiplicative for the definition of the natural transformation jci* '■ M,(V/— ) — ?> B,(— ), 
although we do need the multiplicativity of c£ for the Grothendieck transformation : 
M(V/— ) B(— ), e.g. for the multiplicativity of with respect to cross products x. 

jci* ■ M*(V/— ) B,(— ) should be considered as a "pre-motivic" characteristic 
class transformation of possibly singular varieties. A true "motivic" characteristic class 
transformation of possibly singular varieties should factorize as in 15] over the canonical 
group homomorphism 

(1) q:M,{V/X)^K^{V/X), 

like the transformations ^ci^, associated to the multiplicative characteristic classes ci given 
by c, td, L, Ty, or the total lambda-class Ay((— )*) of the dual vector bundle, as mentioned 
before (in the complex analytic or algebraic context over a base field of characteristic 
zero). Only then we can also speak of the corresponding characteristic class cU{X) :— 
7rf*([*rfx]) of the singular space X. 

Remark 1.5. In fact in ||5| we proved more in the complex analytic or algebraic context 
over a base field of characteristic zero, with M — CHi^RoiM — M®R: The induced 
genus 7c^^ : M.(y/pt) — ?• Hf,{pt)®R = i? of a corresponding multiplicative characteristic 
class cl has to be a specialization of the Hirzebruch Xj,-genus characterized by 

X,(P")-l-2/ + y' + --- + (-2/r. 

Moreover, the Hirzebruch class T* is for R — Q[y\ the only multiplicative characteristic 
class cl with this property, which is defined by a normalized power series in Q[?;] [[a]] . So it 
is the only such characteristic class cl, for which : M(V/X — > pt) — ^ H^, {X) ® Q[?/] 
can be factorized over the motivic group K^iV /X): 

(2) M,{V/X) 

Ko{V/X) ^ H,{X) <E> Q[y] . 

By "resolution of singularities", the canonical group homomorphism q : M*(V/X) 
Ko{V/X) is surjective in the complex analytic or algebraic context over a base field of 
characteristic zero. Moreover, using the "weak factorization theorem' 'of IHIEtI, its kernel 
was described by Bittner |3| in terms of a "blow-up relation". Here we introduce the 
following bivariant analogue: 
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Definition 1.6. For a morphism / : X — > F in the category V — vj^^^^ or V 
consider a blow-up diagram 

E -^-^ BlsX' 



s — '—^ X' — ^ X — ^-^ r, 

with h proper and i a closed embedding such that / o /i as well as / o /i o i are smooth. Here 
q : BlsX' — > X' is the blow-up of X' along S, with g' : ^ 5 the exceptional divisor 
map. Then also fohoq and f ohoioq' ctre smooth (with BlsX' and E quasi-projective in 

the case V = V|^). Let BL(V/X 4 y) be the free abeUan subgroup of M(V/X A Y) 
generated by 

[BlsX' ^X]-[E ^ X] - [X' \X] + [S ^X] 
for any such diagram, and define 

K.(v/xAy,:=H}V^. 

BL(V/X A F) 

The corresponding equivalence class of [V A X] shall be denoted by [V A X] 

Note that for Y = pta point, the smoothness of f oh and f ohoi above is equivalent to 
X' and S are smooth manifolds. So in this case BL(V/X -t- pi) reduces to the "blow-up 
relation" considered by Bittner. In particular, we get a canonical group homomorphism 
Ko{V/X pt) Ko{V/X) to the relative motivic Grothendieck group of varieties over 
X, which by Bittner's theorem is an isomorphism in the complex analytic or algebraic 
context over a base field of characteristic zero. 

Theorem 1.7. Let V = Vjf^^ be the category of (quasi-projective) algebraic varieties (i.e. 
reduced separated schemes of finite type) over a base field k of any characteristic, or let 
V = " be the category of compact reduced complex analytic spaces. 

(i) Ko(V/— ) can he given uniquely the structure of a bivariant theory so that the 
canonical projection Mq : M(V/— ) Ko(V/— ) is a Grothendieck transforma- 
tion. 

(ii) There exists a unique Grothendieck transformation 

mCy = A7* : IKo(Vf /-) ^ K,ig{-) ® Z[y] 

satisfying the normalization condition that for a smooth morphism f : X ^ Y 

f 

the following equality holds in Kaig{X Y) < 

A mot 

y 



[X^X]\)^AyiT}).e{f). 
(in) Let Ty : Ko(V|^/— ) ) (g) Q[y] be defined as the composition r o A; 



renormalized by -(1 -|- yY on HI'(— ) (g) Q[y]. Here H is either the operational 

bivariant Chow group, or the even degree bivariant homology theory for k = C, 
with T the corresponding Riemann-Roch transformation. 

Then Ty is the unique Grothendieck transformation satisfying the normalization 
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condition that for a smooth morphism f : X ^ Y the following equality holds in 



Corollary 1.8. We have the following commutative diagrams of Grothendieck transforma- 
tions: 

(i) 

^o(vr/-) 

mCa^ ^\ To 




Ka/s(-) 



■H(-)®Q. 



(ii) 




o(vr/-) 



CH{-) ® Q, 

if k is of characteristic zero. Here e is the unique Grothendieck transformation 
satisfying the normalization condition e{^[X "^^> ■^]^ ^ /'"' smooth 
morphism f : X ^ Y. And similarly for the bivariant Chern class transformation 
7 : F(-) AP^{-) Q D CH{-) ® Q in case k ^ C. 
(iii) Assume k is of characteristic zero. Then the associated covariant transformations 
in Theorem U .7\ (ii) and (iii) agree under the identification Ko(V^^/X — >■ pt) ~ 
K^iyl^ / X) with the motivic Chern and Hirzebruch class transformations mCy 
and Ty^ . 



Let us finish this introduction with some problems left open: 

(1) Our construction of the Grothendieck transformation mCj^ = A™°* : Ko(V^''/— ) 

^aig{-) «) Z[y] based on He] Chapter IV, Theorem 1.2.1 and (1.2.6)] also 
works in the algebraic context without considering only quasi-projective varieties, 

if one uses the more sophisticated definition of ]KaZg(X Y) — K{){D^j_^^^j{X)) 
as the Grothendieck goup of the triangulated category of /-perfect complexes. 
And a similar definition can also be used in the context of compact complex ana- 
lytic varieties (cf. [14 , Part I, §10.10] and |22|). Then it seems reasonable, that one 
can also construct in a similar way in this compact complex analytic context the 
Grothendieck transformation mCy = A™°*? Here it would be enough to prove the 
analogues of Iil6. Chapter IV, Theorem 1.2.1 and (1.2.6)] in the complex analytic 
context. 

(2) Similarly one would like to further construct in this compact complex analytic 
context also the Grothendieck transformation Ty based on Levy's K-theoretical 
Riemann-Roch transformation a : ^aig{—) IKq°^(— ) from algebraic to topo- 
logical bivariant K-theory (see |22|). A key result missing so far is the counterpart 
a{Of) = 9{f) of [14 Part II, Theorem 1.4 (3)] , that a identifies for a smooth 



morphism f : X —¥ Y the canonical orientation Of :~ 
with the canonical orientation 9{f) G KI°^{X U Y)7 



[Ox] e KalgiX 4 Y) 
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(3) We don't know if Brasselet's bivariant Chern class transformation 7 : F(— ) 
H(— ) (see (|4l) satisfies for a smooth morphism f : X Y the "strong normal- 
ization condition" 

7(l/) = c(T/)«0(/)eH(X Ay)? 

Then Corollary 11.81 (ii) would also be true for Brasselet's bivariant Chern class 
transformation 7 : F(— ) — > 1H[(— ). 

(4) In a future work we will construct in the compact complex algebraic or ana- 
lytic context a bivariant analogue Br2(— ) of the cobordism group of self- 
dual constructible sheaf complexes, together with a Grothendieck transformation 
sd : Ko(V/ — ) Mil{—). This will be based on suitable Witt-groups of con- 
structible sheaves and some other related topics different from the theme of the 
present paper. But what is still missing to get the counterpart of Corollarv ll.SK i) 
and(ii)fory = 1 is a bivariant L-class transformation BL : Br2(— ) — >■ ]HI(— )(8)Q? 



2. Fulton-MacPherson's bivariant theory 

For the sake of the reader we quickly recall some basic ingredients of Fulton-MacPher- 
son's bivariant theory lfT4l . 

Let V be a category which has a final object pt and on which the fiber product or fiber 
square is well-defined, e.g. the category V^''^^ of (quasi-projective) algebraic varieties 
(i.e. reduced separated schemes of finite type) over a base field k, or V°Jj the category 
of (compact) reduced complex analytic spaces. We also consider a class of maps, called 
"confined maps" (e.g., proper maps in this algebraic or analytic geometric context), which 
are closed under composition and base change and contain all the identity maps. Finally, 
one fixes a class of fiber squares, called "independent squares" (or "confined squares", 
e.g., "Tor-independent" in algebraic geometry, a fiber square with some extra conditions 
required on morphisms of the square), which satisfy the following properties: 

(i) if the two inside squares in 



X" — ^ X' — ^ X 



Y" > Y' 

h g 



r I' 

' > Y 



or 



X' > X 

h" 



Y' > Y 

h' 



Z' > z 

h 



are independent, then the outside square is also independent. 
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(ii) any square of the following forms are independent: 





where f : X ^ Y is any morphism. 

A bivariant theory B on a category V with values in the category of (graded) abelian 
groups is an assignment to each morphism 

X 

in the category V a (graded) abelian group (in most cases we can ignore a possible grading) 

Mix A Y) 

which is equipped with the following three basic operations. The i-th component of 

M{X U Y), i e Z, is denoted by M'{X h Y) (with B(X U Y) =: B"(X h Y) 
in the ungraded context). 

Product operations: For morphisms f : X ^ Y and g : Y ^ Z, the (Z-biUnear) 
product operation 



'{X hY)® W{Y ^ Z)^ W+i{X ^ Z) 



is defined. 

Pushforward operations: For morphisms f : X ^Y and g :Y ^ Z with / confined, 
the (Z-linear) pushforward operation 

/* : M\X ^ Z) ^W{Y ^ Z) 

is defined. 

Pullback operations: For an independent square 

X' — ^ X 
/'I |/ 

Y' > Y, 

a 

the (Z-hnear) pullback operation 

g* : M'iX ^Y)^ M'{X' A Y') 

is defined. 

And these three operations are required to satisfy the seven compatibility axioms (see 
iMi Part I, §2.2] for details): 
(B-1) product is associative, 
(B-2) pushforward is functorial, 
(B-3) pullback is functorial, 
(B-4) product and pushforward commute. 
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(B-5) product and pullback commute, 

(B-6) pushforward and pullback commute, and 

(B-7) projection formula. 

We also assume that B has units, i.e., there is an element Ix G B°(X X) such that 
a • Ijf = a for all morphisms W ^ X and a e M{W — > X); such that lx»(3 — (3 for all 
morphisms X and /3 e M{X Y); and such that g*lx = Ix' for all g : X' ^ X. 

Let B, B' be two bivariant theories on the category V. Then a Grothendieck transforma- 
tion from B to B' 

7 : B B' 
is a collection of group homomorphisms 

M{X -^Y) ^ M'{X Y) 

for all morphisms X ^ Y in the category V, which preserves the above three basic opera- 
tions (as well as the units, but not necessarily possible gradings): 

(i) 7(a "B /3) = 7(") 7(/?). 

(ii) 7(/*a) = /*7(a)' and 

(iii) 7(5*") = ff*7(a)- 

Most of our bivariant theories in this paper are commutative (see lfT4l §2.2]), i.e., if 
whenever both 

W^-^X W^-^Y 

f / g' 9 

are independent squares, then for a e M{X Z) and (3 e M{Y A Z) 

This is for example the case for all bivariant theories mentioned in the introduction 
in the algebraic or analytic geometric context, except for the bivariant operational Chow 
group CH, with bivariant algebraic K-theory Kaig and bivariant constructible functions 
F, F examples of ungraded theories. Here CH is at least commutative in the context of 
a base field k of characteristic zero, by |13, Example 17.4.4] (using resolution of singu- 
larities). Similarly the bivariant homology H is commutative, if we restrict ourselves to 
the even degree part only (otherwise H would be skew-commutative, i.e. g*{a) • /3 = 
(_2^)dcg(a) deg(/3) , fjjg situation above). 

M^,{X) :— M{X — !> pt) becomes a covariant functor for confined morphisms and 

B*(X) := M{X ^ X) becomes a contravariant ring valued functor for any morphisms, 
with B*(X) a left B*(X)-module under the product n := • : M* (X) (g)B^{X) -> M^X). 

As to a possible grading, one sets M^{X) := B"*(X -s- pt) and (X) := {X ^ X) 
so that B*(X) becomes a graded ring with n : {X) (g)Mi{X) ^B,_j(X). 
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The following notion of a canonical orientation makes B* a contravariant functor and 
B* a covariant functor with the corresponding Gysin (or transfer) homomorphisms: 

Definition 2.1. (|14, Part I, Definition 2.6.2]) Let 5 be a class of maps in V, which is 
closed under compositions and contains all identity maps. Suppose that to each / : X ^ Y 

in S there is assigned an element 9{f) G M{X ^ Y) satisfying that 

(i) e{g o /) = e{f) • e{g) for all / : X ^ y, .9 ; y ^ Z G 5 and 

(ii) 6l(idx) = Ix for all X with Ix G W{X) := M{X ^ X) the unit element. 
Then 6{f) is called a canonical orientation of /. If we need to refer to which bivariant 
theory we consider, we denote ^^b(/) instead of the simple notation 6{f). 

For example the class S of smooth morphisms in the algebraic or analytic geometric 
context has canonical orientations for all the bivariant theories mentioned in the introduc- 
tion, with all cartesian squares independent. 

Proposition 2.2. For the composite X^Y-^Z,iffES has a canonical orientation 
Oai f), then we have the Gysin homomorphism (or transfer) defined by /■ (a) :— 9(f) • a: 

/■ : M{Y 4 Z) ^ M{X ^ Z), 

which is functorial, i.e., (gf)' = f'g' and id' = id. In particular, when Z = pt, we have 
the Gysin homomorphism: 

/■ :B,(r) ^B^X). 
Proposition 2.3. For an independent square 

X' X 

f \f 



Y > Y, 

9 

if g G C n iS and g has a canonical orientation 9-B{g), then we have the Gysin homomor- 
phism defined by g\{a) := g'^(a • 9(g)): 

3! : M(X' A Y') M(X 4 Y), 

which is functorial, i.e., (gf)\ — g\f\ and id\ — id. In particular, for an independent 
square 

X — ^ Y 



idx 



1 



X > y, 

/ 

with f (z C n S, we have the Gysin homomorphism: 

f : M*(X) -^B*(r). 

The symbols /' and g\ should carry the information of S and the canonical orientation 
9, but it will be usually omitted if it is not necessary to be mentioned. 

Suppose that we have a Grothendieck transformation 7 : B ^ B' of two bivariant 
theories B,B'. This induces natural transformations 7* : B* — > B'^ and 7* : B* B'*, 



MOTIVIC BIVARIANT CHARACTERISTIC CLASSES 



13 



i.e., we have the following commutative diagrams: 

For any morphism / : X — > F we have the commutative diagram 

M*{X) — !— ^ S'*{X) 

r |/* 
W{Y) > B'*(y). 

7* 

For a confined morphism / : X — s- F we have the commutative diagram 

B*(X) K{x) 

'■[ ['■ 

B,(y) > W,{Y). 

7. 

And these are related by the module property 

7*(/3na) =7*(/3)n7*(a) forall /3 e B*(X), a G B*(X). 

Assume now that f : X ^ Y has a canonical orientation for both bivariant theories. 
Then a bivariant element w/ G B'* {X) = M'{X X) with 

is called a Riemann-Roch formula (see fHT]) comparing these canonical orientations with 
respect to the bivariant theories B,B'. Such a Riemann-Roch formula gives rise to the 
following (wrong-way) commutative diagrams with respect to the above two Gysin homo- 
morphisms /i, /■ : 

w{x) — «*(x) B^r) Bt(y) 

W(Y) > W*{Y). B,(X) > K{X). 

7* 7. 

The most important and motivating example of such a Grothendieck transformation is 
Baum-Fulton-MacPherson's bivariant Riemann-Roch transformation ( lfT4l Part II]): 

T : ^alg ^ H ® Q , 

or its algebraic counterpart of fTT, Example 18.3.19]. Here V — V'^ is the category of 
quasi-projective varieties over a base field k of any characteristic, with H — CH the bi- 
variant operational Chow groups, or H the even degree bivariant homology in case k ~ C 
The independent squares in this context are the Tor-independent fiber squares. Kaig is the 
bivariant algebraic K-theory of relative perfect complexes, so that Kaig^{X) = Ko{X) is 
the Grothendieck group of coherent sheaves and Kaig*{X) = K'^ {X) is the Grothendieck 
group of algebraic vector bundles. The associated contravariant transformation is the 
Chern character 

T* =ch: K°{X) H*{X) ® Q, 
and the associated covariant transformation is the Todd class transformation 

r, = td* : GoiX) H^X) Q, 
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which is functorial for proper morphisms f : X ^ Y. Moreover, they are related by the 
module property 

(3) td^{l3r\a) = ch*{l3)r\td^{a) for all (3 ^ K^{X),a & Go{X). 

This generalizes the original Grothendieck-Riemann-Roch Theorem and Hirzebruch- 
Riemann-Roch Theorem. Both bivariant theories "Kaig and H^{~) (g) Q are canonically 
oriented for the class S of smooth (or more generally of local complete intersection) mor- 

phism, with ^?k(/) — Of :— [Ox] G ^aig{X ^ Y) the class of the structure sheaf, and 

%(/) — [f] G M{X A Y) the corresponding "relative fundamental class". And these are 
related by the Riemann-Roch formula 

(4) T{Of) = td{Tf) . [/] , 

with Uf := td(Tf) e H*{X) <g) Q (compare with 01 (*) on p. 124] for H the bivariant 
homology in case k = C For H — CH the bivariant Chow group and k of any character- 
istic, this follows from fTsl Theorem 18.2] as we explain in the last section of our paper). 
Here Tf is the (virtual) tangent bundle of /. This implies the following two results: 

SGA 6-Riemann-Roch Theorem : The following diagram commutes for a proper smooth 
morphism f : X Y: 

K{X) H*{X)®Q 

(5) /ij |/!(td(Ty)u - ) 

K{Y) > H*{Y)®Q. 

ch 

Verdiei'-Riemann-Roch Theorem : The following diagram commutes for a smooth mor- 
phism f : X ^Y: 

Go(Y) H4Y)<E>Q 

(6) /'j [td{Tf)nf'- 

GoiX) > H,{X)(g)Q. 

Of course both formulae are more generally true for / a local complete intersection 
morphism, which is special to the Grothendieck transformation r. In this paper only the 
case of a smooth morphism will be used, and then similar results are also true for the other 
considered Grothendieck transformations. It should also be remarked that one motivation 
of Fulton-MacPherson's bivariant theory was to unify the above three Riemann-Roch 
theorems ... (see 1 14, Part II, §0.1.4]). 

Definition 2.4. (i) Let S be another class of maps in V , called "specialized maps" (e.g., 
smooth maps in algebraic geometry), which is closed under composition and under base 
change and containing all identity maps. Let B be a bivariant theory. If S has canonical 
orientations in B, then we say that S is canonical M-oriented and an element of S is called 
a canonical M-oriented morphism. 
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(ii) Assume furthermore, that the orientation 6* on 5 satisfies for any independent square 
with f gS 

X' — ^ X 



/' 



Y 



the condition 

(7) eif) = g*e{f) 

(which means that the orientation 9 is preserved under the pullback operation). Then we 
call 9 a nice canonical orientation and say that iS is nice canonical M-oriented. Similarly 
an element of <S is called a nice canonical M-oriented morphism. 

Consider for example the class S of all smooth morphisms for V = V^'^^ the category 
of (quasi-projective) varieties over a base field k of any characteristic, with all fiber squares 
as the independent squares. Then this class has a nice canonical orientation 9 with respect 
to Kaig or CH in any characteristic (with 9{f) = Of or [/]), to F in characteristic zero 
(with 9{f) = l /) and to F or bivariant homology H for fc = C (with = 1/ or [/]). 

3. A UNIVERSAL BIVARIANT THEORY ON THE CATEGORY OF VARIETIES 

Let V be the category V = V^''^^ of (quasi-projective) varieties over a base field k of 
any characteristic, or the category V — V"" of compact reduced analytic spaces, with all 
fiber squares as the independent squares. As the "confined" resp. "specialized" maps we 
take the class Vrop of proper resp. Sm of smooth morphisms. 

Theorem 3.1. We define 

M{V/X 4 Y) 

to be the free abelian group generated by the set of isomorphism classes of proper mor- 
phisms h:W ^ X such that the composite of h and f is a smooth morphism: 

h e Vrop and f oh -.W ^Y G Sm. 

Then the association M is a bivariant theory, if the three operations are defined as follows: 
Product operation.- For morphisms f : X ^Y and g : Y ^ Z, the product operation 

• : M{V/X A y) (g) M(V/y ^ Z)^ M{V/X Z) 

is defined for [V ^ X] G M{V/X A Y) and [W^Y]g M{V/Y A Z) by 

[V^X]»[W^ Y] := [V X], 
and bilinearly extended. Here we consider the following fiber squares 

V X' W 



(8) 



fe' fe 



V > X > Y > Z. 

P f 9 



Pushforward operation.- For morphisms f : X Y and g : Y ^ Z with f G Vrop, 
the pushforward operation 

/* : M{V/X ^Z)^ M{V/Y 4 Z) 
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is defined by 

[V- 

and linearly extended. 

Fullback operation; For an independent square 



y] 



X' 



X 



f 



Y' 



the pullback operation 



is defined by 



: M{V/X A F) -f M{V/X' A Y') 



g*{[V ^X]) := [V ^X'] 
and linearly extended. Here we consider the following fiber squares: 

g" 



(9) 



V 



X' 



V 



X 



r 



Y. 



The proof is left for the reader. Note that d{f) := [X — ^ X] for the smooth mor- 
phism / : X — > Fdefines a nice canonical orientation on M(V/— ). We call the bivariant 
theory M(V/— ) a pre-motivic bivariant relative Grothendieck group on the category V of 
varieties. 

Remark 3.2. (1) M.^{V/X) = M.{V/X pt) is the free abelian group generated by 

the isomorphism classes [V \ X], where h is proper and V is smooth. M*(V/— ) is a 
covariant functor for proper morphisms, i.e., if / : X — >• y is proper, we have the covariant 
pushforward 

,U -.m^iv/x) ^M,{v/Y) . 

M,(V/— ) is also a contravariant functor for smooth morphisms, i.e., if / : X — >^ y is a 
smooth morphism, we have the contravaraint Gysin homomorphism 

/' ■.U,{V/Y)^M,{V/X). 

(2) M*{V/X) = M(V/X X) is the free abelian group generated by the isomor- 
phism classes A- X], where h is proper and smooth. It gets a ring structure U by fiber 

products, with unit Ix = [X — ^ X]. M*(V/— ) is a contravariant functor for any mor- 
phism, i.e., for any morphism / : X — ^ y we have the contravariant pullback (preserving 
U and the units) 

/* : M*(V/y) M*(V/X) . 
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M*(V/— ) is also a covariant functor for morphisms which are smooth and proper, i.e., if 
f : X ^ Y isa smooth proper morphism, we have the covariant Gysin homomorphism 

/i : M*{V/X) ^ M*{V/Y) . 

(3) The bivariant product induces the following "cap product": 

n : M*{V/X) X M4V/X) M^V/X). 

In particular, when X itself is a smooth variety, with [X] := r][X X] e M,(V/X), 
we have the "Poincare duality" homomorphism 

n[X] : M*{V/X) M^V/X) , 

k k 

which is nothing but [W X] Ci [X] = [W — > X] . More generally, the isomorphism 

class X] G M*(V/X) of any proper morphism h : V X from a smooth variety 

V to X gives rise to the homomorphism 

r][V \ X] : M*{V/X) M.,iV/X) 

defined by [W \ X]r\[V \ X] ^ [W xx V ^ X]. 

The bivariant theory M(V/— ) has the following universal property: 

Theorem 3.3. Let M be a bivariant theory on V such that a smooth morphism f has a 
nice canonical orientation 6{f) G IB(/), and let cl : Vect{—) B*(— ) be a contravari- 
ant functorial characteristic class of algebraic (or analytic) vector bundles with values 
in the associated cohomology theory, which is multiplicative in the sense that c£{V) = 
c£{V')c£(V") for any short exact sequence of vector bundles ^ V' ^ V V" — > 0. 
Assume c£ commutes with the canonical orientation 9, i.e. 9(f) • cl{V) = f*cl{V) • 9(f) 
for all smooth morphism f : X ^ Y and V G Vect{Y). 
Then there exists a unique Grothendieck transformation 

7rf : M(V/-) ^ B(-) 

satisfying the normalization condition that for a smooth morphism f : X ^ Y thefollow- 
ing identity holds in M{X — > Y): 

j,e{[X ^X])^c£iTf)<,e{f). 
Here Tf is the relative tangent bundle of the smooth morphism f. 
Proof. Uniqueness follows from 

[V \X] = K{[X ^ X]) G M{V/X A Y) 
for h : V ^ X a proper morphism with f o h smooth. So we simply define in this case 

7rf([F \ X]) := K{c£{Tfoh) • e{f o h)). 

The rest is to show that this assignment 7^ : M{V / X ^ Y) ^ B(X A F) is a 
well-defined Grothendieck transformation preserving the three bivariant operations. This 
follows for B commutative from the more general results |31 , Theorem 3.1 and Corollary 
3.5], but we give here a direct proof for this concrete situation. 
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(i) the well-definedness of the above assignment ^ct- Let us choose another representa- 
tive h' -.V' X, i.e., we have the following commutative diagram: 

v - > V 

h' 

X > X, 

idx 

which is a fiber square. Thus we have the following fiber square: 



V 



-¥ V 



h' 



X 



Y 



X 



idji 



idY 



Y. 



Since / o ft, is smooth, / o h' is also smooth and we have by (B-5): 

c£{Tf,h') • Oif o h') =. id\ {c£{Tf,h)) • id*Y {6{f o h)) 
= id*Y idiTfoh) • Oif o h)) . 

Here c£{Tfoh') = id*x {c£{Tfoh)) follows from the functoriality of cl, and 6{f o h') = 
idy {0{f o h)), since 6* is a nice orientation. Hence 

h'M{Tf,n') • 0{.f o h')) = h'Sd*y (ceiTfoh) • d{f o h))) 

= id^{K{ct{Tfoh) • e{f o h)) (by (B-6)) 

= K{ci{Tf,h)»e{f oh)). 

Thus it does not depend on the choice of the representative h : V X. 
(ii) it preserves the product operation: It suffices to show that 

-fee {[V ^X]*[W\ r]) = 7rf([F A X]) . 7,,([VF \ Y]) 

in the context of the definition of the Product operation. Using the fiber square (|8]l, we 
have 

7rf f [V^ ^X],[W^Y] 



lei ( [V X]) (by definition) 

(p o fc"), {ciiTgfpk^,) . e{gfpk")) (by definition) 
P.k\{ct{Tgkf'p') • Oigkf'p')) (by (B-2)) 
p.k",{ce{Tf,p,) . {f'prc£{Tgk) • Oif'p') . 9{gk)) 



Here we have c^(T, 



gkf'p'j 



c£{Tf,p, ) • {f'p')*ci{Tgk) by the functoriaUty and multiplica- 



tivity of ct, due to the short exact sequence of vector bundles 

^ Tf,p, ^ Tgkf-p' ^ {f'p')*Tgk ^ . 
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Similarly 9{gkf'p') — 0{f'p') • 6{gk), since 6* is a canonical orientation. Moreover, c£ 
commutes by assumption with the canonical orientation so that 

e{fp') . ci{Tg^) = {f'p'YciiTgu) • e{f'p'). 

Thus the sequence of equations continues as follows, since cl is functorial and 6 is nice: 

= p,k\(^c£{Tf,p,) . eif'p') . ceiTgk) . e{gk)^ 

= k',p',(^k"*ce{Tfp) . k*9{fp) . c£(T3fc) . 0(.gfc)) 

= fc'*p', ((fc"*c£(T/p) . fc*0(/p)) . {c£{Tgk) • (by (B-1)) 

= fc'*p',(fc*(c^(r/p) . . {c£{Tgk) • ^^(.9fc))) (by (B-5)) 

= fc'*(p',fc*(c^(r/p) . . {c£{Tgk) • (by (B-4)) 

- fc',(fc*p,(c£(T/p) . . {c£{Tgk) • (by (B-6)) 

= (c^(r/p) . 9{fp)) . fc, (c^(rgfc) . 0{gk)) (by (B-7)) 

= 7rf([V^ Ax]).7,,([w^4y]). 

(iii) it preserves the pushforward operation: Consider X ^ Y ^ Z and a proper 
morphsim h : V ^ X such that the composite gofoh: V-^Yis smooth. 

jM4v^x])^j,,{[v^y]) 

= {foh),{c£iTg,(joh))»0igo{foh))) 

= f,K {c£{T^gof)oh) •e{{gof)o h)) (by (B-2)) 

^ Uici{[v ^ X]) . 

(iv) it preserves the pullback operation: Consider a proper morphsim h : V ^ X such 
that the composite f o h : V ^ Y is smooth, together with the fiber square ^ from the 
defintion of the Pullback operation. Then we have, since c£ is functorial and 9 is nice: 

j,,{g*[V ^ X]) = J,,{[r ^ X']) 

^p'.{c£{Tf,o,')'0{f' op')) 
^p',{g"*c£{Tfop)>g*9ifop)) 
= {c£iTfop) • 9if o p)) (by (B-5)) 
= (c£(T/op) • 9{f o p)) (by (B-6)) 
= g*lcd[V ^ X]). 
This completes the proof of the theorem. 

□ 

Note that the assumption, that the characterisic class c£ commutes with the canonical 
orientation 9, is true for B commutative, or B graded-commutative with c£ taking values 
in even degree cohomology classes. Similarly it is true for the trivial class c£{V) = 1 
the unit in B*(— ), as well as for B = CH the bivariant Chow homology , with c£ a 
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"usual" multiplicative characteristic class given in terms of Chern class operators as in ifTsl 
§3.2]. This covers all cases we need in this paper Finally, the Grothendieck transformation 

7rf : M(V/-) ^ B(-) 

from Theorem l3.3l satisfies by the normalization condition 

^,,{[x^x]) = ci[Ti).eu) 

the Riemann-Roch formula with u/ = c£{Tf ) for a smooth morphism / : X — ^ F. So by 
the general theory we get the 

SGA 6 -type Riemann-Roch Theorem: The following diagram commutes for a proper 
smooth morphism f : X ^ Y: 

M*{V/X) -JhiL^ M*{X) 

/ij |/!(rf(T^)U - ) 

M*{V/Y) > B*(r). 

Id* 

Verdier-type Riemann-Roch Theorem: The following diagram commutes for a smooth 
morphism f : X Y: 

M,{V/X) -^^^ B,(X) 

/■ ci(Tf)nf'- 
M,(V/y) > M,{Y). 

Remark 3.4. (1) 7^ : M{V/X h Y) ^ B(X A Y) can be called a bivariant 
pre-motivic characteristic class transformation. When y is a point pt, 

-icu ■■ Mv/x pt) m{x pt) = B, {X) 

is the unique natural transformation satisfying the normalization condition that 
for a smooth variety 

icu{[x ^ X]) ^ ci{TX)n[x]. 

In other words, this gives rise to a pre-motivic characteristic class transformation 
for singular varieties. In a sense, this could be also a very general answer to the 
forementioned MacPherson's question about the existence of a unified theory of 
characteristic classes for singular varieties. We emphasize that for the correspond- 
ing universal property of M(V/X), we do not have to require the characteristic 
class cl to be multiplicative or to commute with the canonical orientation 9 (since 
these properties are not used in the proof of Theorem l3.3l (iii), that 7cf, preserves 
the pushforward operation) ! 
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(2) In particular, we have the following commutative diagrams: 



M^V/X) 




Fix) H,{X) 

with H^,{X) = CH^,{X) in the algebraic context over a base field of character- 
istic zero, or Ht{X) — in the complex algebraic or compact complex 

analytic context. Here e{[V \ X]) :— /i^ly. 

M,(V/X) 

ltd, 

Go{X) — ^ H,{X) Q 

with H^,{X) = CH^,{X) in the algebraic context over a base field of any char- 
acteristic, or H^,{X) = in the complex algebraic or compact complex 

analytic context. Here toCo([V^ A- X]) := [h^^Oy]- 
M,(V/X) 

71.. 

^{X) Hl^'{X) ® Q. 

Here X has to be a compact complex algebraic or analytic variety, with 

sd{[V \ X]) := [KQv[dim{X)]] . 

(3) It follows from Hironaka's resolution of singularities ( ifTTl ) that there exists a sur- 
jection 

M,(V/X) -> Kq{V/X) 

in the algebraic context over a base field of characteristic zero, or in the com- 
pact complex analytic context. As already explained in the introduction, it then 
turns out that if (under a certain requirement) the natural transformation ^ci^^ ■ 
M*(V/X) — >■ H^,{X) (g) Q[y] can be pushed down to the relative Grothendieck 
group Koiy/X), then it has to be the Hirzebruch class transformation, i.e., the 
following diagram commutes: 

M^{V/X) 

let, 

Ko{V/X) (X) ® Q[y]. 

And one of the main results of our previous paper (5] claims that in this context the 
above three diagrams also commute with (V/X) being replaced by the smaller 
group ifo(V/X). 

Thus we are led to the following natural problem: 
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Problem 3.5. Formulate a reasonable bivariant analogue Ko(V/X — > Y) of the relative 
Grothendieck group Ko{V / X) so that the following hold: 

(1) There is a natural group homomorphism q : ]Ko(V/X pt) — > K{){V / X), which 
is an isomorphism in the algebraic context over a base field of characteristic zero, 
or in the compact complex analytic context. 

(2) Mq : M{V / X ^ Y) ^ Kq{V / X A Y) is a certain quotient map, which 
specializes for Y a point to the quotient map q : {V / X) — > {V / X). 

(3) Ty : Ko(V/X ^ Y) ->■ B.{X A Y) (S) Q[y] is a Grothendieck transforma- 
tion, which specializes for Y a point ( in the algebraic context over a base field 
of characteristic zero, or in the compact complex analytic context) to the motivic 
Hirzebruch class transformation Ty^ : Ko{V / X) H^,(X) Q[y]. 

(4) The following diagram commutes: 

M{V/X A Y) 

Mq 

Ko{V/X A Y) 57 ^ m{X A r) Q[y]. 

If such a bivariant theory Kq{V/X A Y) is obtained, then its associated contravariant 

functor if" (V/X) := Ko{V/X ^ X) can be considered as a contravariant counterpart 
of the relative Grothendieck group Kq{V/X) (at least in the algebraic context over a base 
field of characteristic zero, or in the compact complex analytic context). Similarly, the 
natural transformation T* : K'^{V/~) H*{—) (g) Q[y] is a contravariant counterpart of 
the Hirzebruch class transformations Ty* satisfying the module property. 

4. A BIVARIANT RELATIVE GROTHENDIECK GROUP Ko{V/X A Y) 

First we recall the following result of Franziska Bittner 13J: 

Theorem 4.1 (Bittner). Let Kq^V /X) be the relative Grothendieck group of varieties over 

X e obj (V), with V = V^'^'' f resp. V = V°" j the category of ( quasi-projective ) algebraic 
( resp. compact complex analytic) varieties over a base field k of characteristic zero. 
Then Ko(V/X) is isomorphic to M*(X) modulo the "blow-up" relation 

(bl) [0 ^ X] = and [BlyX' X] - [E ^ X] ^ [X' X] - [Y ^ X] , 

for any cartesian diagram (which shall be called the "blow-up diagram" from here on) 

E ^ BlyX' 

Y — ^ X' — ^ X, 

with i a closed embedding of smooth spaces and f : X' ^ X proper Here BlyX' — > X' 
is the blow-up of X' along Y with exceptional divisor E. Note that all these spaces other 
than X are also smooth (and quasi-projective in case X' ,Y d o6(V^'')j. 

The proof of this theorem requires Abramovich et al's "Weak Factorisation Theorem" 
II1I271. The kernel of the canonical quotient map q : M^(V/X) Ko(V/X) is the 
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subgroup BL{V/X) of M^V/X) generated by 

[BlyX' X]-[E ^X\- [X' X] + [Y ^ X] 

for any blow-up diagram as above. 

Thus what we want is a bivariant analogue of the subgroup BLiV / X). For that purpose 
we first observe the following result, working in the categ ory V = V^^^^ (resp. V = V;?") 
of (quasi-projective) algebraic (resp. compact complex analytic) varieties over a base field 
k of any characteristic. 

Lemma 4.2. Let h : X' ^ X be a smooth morphism, with i : S X' a closed em- 
bedding such that the composite h o i : Z X is also smooth morphism. Consider the 
cartesian diagram 



E ~ — > BlsX' 



(10) 



1' 

S > X' > X 



with q : BlsX' X' the blow-up of X' along S and q' : E ^ S the exceptional divisor 
map. Then: 

(1) h o q : BlsX' — > X and h o q o i' : E X are also smooth morphisms, with 
BlsX' , E quasi-projective in case X' , S G o6(V^^). 

(2) This blow-up diagram commutes with any base change in X, i.e. the correspond- 
ing fiber-square induced by pullback along a morphism X ^ X is isomorphic to 
the corresponding blow-up diagram of S X'. 

(3) The closed embeddings i, i' are regular embeddings, and the projection map q as 
well as i,i' are of finite Tor-dimension. 

Proof. Note that all results are (etale) local in X' . Since both morphisms h : X' ^ X 
and 5 — > X' — > X are smooth, we can assume that h is the projection h = pr-z : X' = 
A"- X X ^ X, with i : S — A™ x X ^ A"- x X induced from a standard inclusion 
A'" ^ A" of affine spaces (to < n), and the blow-up diagram ( fTOb isomorphic to 

E xX — ^ BU™A" X X 



4 



A" X X > A" X X > X . 

i h—pr2 

Here we use the fact that 

BZa-xx(A" X X) ~ B^A^A" X X , 

since blowing up commutes with flat base change for the flat projection map h — pr2 : 
X' = A" X X X. Then (1) and (3) are well known, whereas (2) follows again 
from the fact that blowing up commutes with flat base change for the flat projection maps 

h = pr2 : X' ^ A'' X X ^ X and h ^ pr2 : X' = A'' x X ^ X . □ 

Now we are ready to define a bivariant analogue Mh{V/X A Y) of the subgroup 
BL{V/X) and thus a bivariant analogue Ko{V/X U Y) ofKo{V/X). 
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Definition 4.3. For a morphism / : X 
consider a blow-up diagram 



Y in the category V = V^'^''^ or V = V™, we 



E 



S 



-> BlsX' 

1' 

^ X' 



X 



J 



Y . 



with h proper and i a closed embedding such that f o has well as / o o i are smooth. 
Let BL(V/X A Y) be the free abehan subgroup of M{V/X U Y) generated by 



(rbl) [BlsX' %X]- 

for any such diagram, and define 



[E ^ X] - [X' ^ X] + [S X] 



K.(v/x A r) mi^II, 

BL(V/X A Y) 

The corresponding equivalence class of \V A X] shall be denoted by \V A X] 

Note that by Lemma l4!2l (l) f oho q and f o ho i o q' aie smooth (with BlsX' and i? 
quasi-projective in the case V = V^^), so that the "relative blow-up relation" ( Irbll ) makes 



ii(v/x A r). 



Tlieorem 4.4. Lef V = V^'^^' /^e f/ie category of (quasi-projective) algebraic varieties (i.e. 
reduced separated schemes of finite type) over a base field k of any characteristic, or let 
V — V"" be the category of compact reduced complex analytic spaces. 

]Ko(V/^ — > Y) becomes a bivariant theory with the following three operations, so that 
the canonical projection Mq : M(V/— ) Ko(V/— ) is a Grothendieck transformation. 
Product operation; For morphisms f : X ^ Y and g : Y ^ Z, the product operation 



★ : KoiV/X 4 r) ® Ko(v/r 4 Z) 



ioiV/X ^ Z) 



is defined by 



[V ^ X^ir\[W ^Y] 



[V ^X]*[W ^ Y] 



and bilinearly extended. 

Pusliforward operation; For morphisms f : X 
the pushforward operation 



f* 



ioiV/X ^ Z) 



is defined by 



Y and g : Y 

]Ko(v/r 4 z) 



Z with f e Prop, 



and linearly extended. 

Fullback operation; For an independent square 



X' 



X 



Y' 
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the fullback operation 



is defined by 



g* : Koiy/X A F) ^ Kq{V/X' ^ Y') 
5*( [[yAX]] ) := [g*{[V^X]) 



and linearly extended. 

Proof. It suffices to show the well-definedness of these three operations. 



(i) 



V \ X]\-k\w 4 Y]] := \v \X]»[W \ Y] 



is well-defined: Let 



a = [Bls.X' -^X]- [El -^X]- [X' -^X] + [Si X] G 1L(V/X A Y) 

and 

^ = [Bls^Y' y] - [E2 ^Y]- [Y' -^Y] + [S2 F] G BL(V/F A Z) 
be given. Then we have 

{[V^X]+aj . ([VK Ar]+/3) 

= [y -H- X] • [w A y] + -H- X] • ^ + a • ([w^ A F] + ^) , 

and we show that 

[V ■^X]»p + a»(jW ^Y]+p^ G BL(V/X Z). 
For this end it suffices to show that 



and 



[V^X]>Pe BL(V/X ^ Z) 



a • [F 4 F] G ]BL(V/X Z) 



for any [H ^ Y] £ M{V/Y 4 Z). 



For the proof of a • [i? A F] G BL(V/X Z), consider the following diagram: 
El 



•31 



El 



^Bls.X' 
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which by Lemma 14.21 (2) is the pullback by the proper morphism j : H ^ Y of the 
following blow-up diagram: 



(11) 



Then we have that 



El 



Si 



Bls.X' 



X' 



-¥ X 



-¥ Y. 



a»[H ^Y] 

= [BljJC' ^X]- [El 



-> X] - [X' ^X] + [Si 



X], 



which is in M{V/X 



9°f, 



Z). In the same way one gets 



Z). 



Here we are using the fact that the pullback of the corresponding blow-up diagram for 
/? under the morphism fh is again a similar blow-up diagram, since fh is smooth and 
therefore flat. 



(ii) The well-definedness of [V A X] 



[V ^ Y] 



is obvious. 



(iii) 9* 



[V ^ X] g*[V ^ X] is well-defined. The proof based on Lemmagj 



(2) is similar to that of (i) above, so omitted. 



□ 



Note that the proof of the well-definedness of the product- and pullback operations 
above used Lemma l431 (2). as well as the fact that the smooth and therefore flat pullback 
of a blow-up diagram is again a blow-up diagram. 

Remark 4.5. Here we note (cf. flOl) that in general the pullback of a blow-up is not the 
blow-up of the pullback, i.e., consider the following pullback diagram, which is obtained 
by pulling back a blow-up diagram by the morphism X ^ X: 




Then the diagram 
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is in general not a blow-up diagram, i.e., BlsX is not the blow-up of X along S. A typical 
example is the situation that 5 is a point of the 2-dimensional projective space X = F'^,X 
is a smooth curve going through the point S and h : X ^ X isthe inclusion map. 

Let us finish this section with the following 

Remark 4.6. In the case when y is a point, the blow-up diagram defining BL {V/X ^ pt) 
is nothing but the following: 

E ' > BlsX' 



S — X' — X , 

such that h : X' X is proper, X' and S are nonsingular, and q : BlsX' — >■ X' is the 
blow-up of X' along 5* with q' : E ^ S the exceptional divisor map. 

Hence ML{V/X A- pt) is nothing but BL{V/X), i.e., we have by Bittner's theorem 

Ko{V/X ^pt)c^Ko{V/X) 

in the compact complex analytic context, as well as in the algebraic context over a base 
field of characteristic zero. Finally note that we always have a group homomorphism 

Ko{V/X ^pt)^KoiV/X), 

since BlsX'\E ~ X'\S in the diagram above so that 

[BlsX' X]-[E ^ X] = [X' X]-[S ^ X]e Kq{V/X) . 

5. MOTIVIC BIVARIANT CHERN AND HiRZEBRUCH CLASS TRANSFORMATIONS 

Now we are ready to prove the following main theorem, which is about the motivic 
bivariant Chern and Hirzebruch class transformations. 

Theorem 5.1. Let V = V^^ be the category of quasi-projective algebraic varieties over a 

base field k of any characteristic. 

(i) There exists a unique Grothendieck transformation 

mCy = A^* : Ko(Vf /-) ^ ^aig{-) ® Z[y] 
satisfying the normalization condition that for a smooth morphism f : X ^ Y 
the following equality holds in Kaig{X Y) ^ 

\ mot 

V 



[X^X] )^Ay{T*).Of. 



(ii) Let Ty : Ko(V|^/-) H(-) (g) Q[t/] be defined as the composition r o K'^°\ 
renormalized by •(! -|- yY on HI'(— ) Q[y]. Here H is either the operational 
bivariant Chow group, or the even degree bivariant homology theory for k = C, 
with T the corresponding Riemann-Roch transformation. 

Then Ty is the unique Grothendieck transformation satisfying the normalization 
condition that for a smooth morphism f : X ^Y the following equality holds in 

M{X A Y) ( 



Ty{l[X^X]\)=T;{Tf).[f]. 
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Proof. Uniqueness follows from 



[V ^X] 



([[X ^ X]]) e K(V/X A Y) 



for h -.V X ?L proper morphism with f oh smooth. So we simply define in this case 



lei 



[V ^x] ■.= K{ci{Tfh)'e{fh)). 



Here the motivic bivariant Chern class transformation in (i) 

I rnot . Tir i^jqp 



mC,=A-MKo(Vf/-) 



corresponds to the multiplicative characteristic class cl{W) := Ay{W*) G K'-\—) given 
by the total A-class of the dual vector bundle, with 9(fh) = Ofh = [Ov]- The bivariant 
Hirzebruch class transformation in (ii) 

Tj, :Eo(Vf/-)^H(-)®QM 

corresponds to the multiplicative characteristic class c£(W) :~ T*{W) G ]HI°(— ) given 
by the Hirzebruch class, with 0{fh) — [fh] the relative fundamental class. Moreover, 
these characteristic classes commute with the corresponding canonical orientations 6* of a 
smooth morphism (as already explained before). So we only have to show that 
• the corresponding Grothendieck transformation 



7rf A;"°* : M{V/X 4 Y) 



K{X A Y) 



from Theorem |3. 31 vanishes on the subgroup nh{V/X A Y), and 



• the relation ■fx 

y f on W{-)®Q[v] 



roA™°* 



up to the renormalization by the multipUcation x (1 



(i) K"^"^ : M{V/X A r) ^ K(X A Y) vanishes onBL(V/X U Y): Let us iden- 
tify the vector bundle Tjj-^ for the smooth morphism fh:V^Y with the corresponding 
locally free sheaf ilL of sections given by the relative one-forms, so that 



E 

p>0 



Note that by the definition of relative perfectness, D^^ 
smooth morphism fh, so that 



h4[n%].OfH)-' 

-perf 



^/.-pe./(^)forthe 



id\, 



•Ofh : KiV 
with - 'Ofh 



) induced by the total direct image 



)h^,,rf{V)) =K{V ^ X) , 



RK 



^id~perfi^) 



^fh~perf 



(V) ^ D]_^^^f{X) 



Consider now a blow-up diagram 

E — ^ BlsX' 



S 



X' 



X 



f 



Y 



with h proper and i a closed embedding such that fh and fhi are smooth. Then we have by 
||T6l Chapter IV, Theorem 1.2.1 and (1.2.6) on p. 74] that the following natural morphisms 
are quasi-isomorphisms for all p > (and note that Gros is working in |16 Chapter IV, 
§1.2] with the corresponding relative De Rham complexes): 
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(a) n^^,^R%nPf,^. 

(b) R''q.n%g ^ for all fc > 1. 

(c) f7P^^^^i?0^,f^P^^^,. 

Here (c) can be checked (etale) locally, so that it follows from flF (1.2.6) on p. 74 and 
(4.2.12) on p. 23]. Moreover all coherent sheaves and ^^fhiq> for p > are 

locally free, since the corresponding morphisms are smooth. Similarly all direct image 
sheaves q'^^^^f hiqi for k,p > are locally free, since g' : — ^ 5* is a projective bundle 
(e.g. compare |16 , (1.2.6) on p. 74 and (4.2.12) on p.23]). Finally the morphisms i and q 
are of finite Tor-dimension by Lemma|42](3), with i exact, so that (a) and (b) resp.(c) can 
be considered as quasi-isomorphisms in -D^^„pg^y (X') resp. D'^fhi-perfi^)- one gets 

for all p > the following equaUties in ¥^aig{X' -^-^ Y): 

k>0 

And this implies the needed vanishing result: 

A™°* (\BlsX' %X\-\E ^ X] - [X' ^ X] + [S ^ X' 

p>Q 

= J2K {q4^%q] - ^.q^P%^q,] - P^] + = . 

p>0 

(ii) Proof of the relation jt* = t o A™°* up to renormalization: By composition with 

the bivariant Riemann-Roch transformation r : Kaig{X Y) ^ M{X Y), and ex- 
tending linearly with respect to the coefficients Z[y], we get a Grothendieck transformation 

T o A™°* : KoiVr/-) ^ H(-) ® Q[y] . 

Similarly, the renormalization : H(-)®(Q[y] M{~)<^Q[y, (l + i;)"^] given by 

•(1 + yY : (-) ® Q[y] ^ (-) ® Q[y, (1 + y)-'] 

is a Grothendieck transformation, since H(— ) is a graded bivariant theory. 

Now we show that our looking-for transformation Ty — jt* can be defined as 

Ty 'f^.+y-, o T o A™* : Ko(V/-) ^ H(-) ® Q[y] C H(-) ® Q[y, (1 + . 
It suffices to check that for a smooth morphism f : X ^ Y 

Ty{[X ^ X]) = T;{Tf) . [/] e H(A Uy)® q[y\ . 
And this can be seen as follows: 

ToK^''\[X^X]) = r{\y{T}).Of) 

^Ch{\y{T})).T{Of) 
^Ch{\y{T})).td{Tf).[f] 



30 



JORG SCHURMANN AND SHOJI YOKURA 



by the Riemann-Roch formula 

T{Of)^td{Tf).[f]. 

Compare with lfT4l (*) on p. 124] for H the bivariant homology in case fc = C. For H — 
CH the bivariant Chow group and k of any characteristic, this follows from llT3l Theorem 
18.2], as we explain later on in Remark l54l So we get 

(rank Tf rank T/ \ 

n n 

with Uj the Chern roots of Tj. Here it should be noted that [/] e '''"'^^^ {X U Y) by 
O?, Part 11, §1.3]) resp. |13, (1) on p.326]. Moreover, the substitution aj ^ aj{l + y) 
corresponds to the renormalization 

vl/(i+^) : H*(-) ® Q[y] ^ H*(-) ® Q[y, (1 + y)-^] , 

since aj e H-'-(— ). So we get 



Ty{[X ^ X]) = o r o A-*([X ^ X]) 

(rankT/ \ 

(rank T; \ 
n (l + y.-°."^") l-e-M».,. J-W 

^(T(T^fa§;T-".i'))-i/i 

□ 

Remark 5.2. (1) Our construction of the Grothendieck transformation mCy = A™°* : 
Ko(V^^/-) ^ Ka/g(-) ® based on fTS", Chapter IV, Theorem 1.2.1 and (1.2.6)], 
i.e. on the properties (a),(b) and (c) in the proof above, also works in the algebraic con- 
text without considering only quasi-projective varieties, if one uses the more sophisticated 

definition of ^aig{X — > F) = i^o(^/-per/("'^)) Grothendieck goup of the trian- 

gulated category of /-perfect complexes. 

And a similar definition can also be used in the context of compact complex analytic 
varieties (compare [14, Part 1, §10.10] and |22|). Then it seems reasonable, that one can 
also construct in a similar way in this compact complex analytic context the Grothendieck 
transformation mCy — A™°*? 

Here it would be enough to prove the analogues of the properties (a),(b) and (c) in the 
complex analytic context. 

(2) Similarly one would like to further construct in this compact complex analytic context 
also the Grothendieck transformation Ty based on Levy's K-theoretical Riemann-Roch 
transformation 

a:K,,,(-)^<P(-) 
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from algebraic to topological bivariant K-theory (see 11221 '). together with the topological 
bivariant Riemann-Roch transformation 

from lfT4l Part I, Example 3.2.2]. A key result missing so far is the counterpart a{Of) — 
6{f) of 1 14, Part II, Theorem 1.4 (3)], that a identifies for a smooth morphism f : X Y 

the canonical orientation O/ := [Ox] G ^aig{X — > Y) with the canonical orientation 

e{f) € Kl^^iX A Y)7 

Comparing the different normalization conditions for a smooth morphism / : X 
from Theorem lS.ll one gets the following colloary: 



Y, 



Corollary 5.3. Let V = V'jf be the category of quasi-projective algebraic varieties over 
a base field k of any characteristic. Then we have the following commutative diagrams of 
Grothendieck transformations: 

(i) 




o(vr/-) 



To 



■H(-) ®Q. 



(ii) 




o(vr/-) 



CH{-) ® Q, 

if k is of characteristic zero. Here e is the unique Grothendieck transformation 
satisfying the normalization condition e{^[X "^^> ■^]^ ~ /'"' smooth 
morphism f : X ^ Y. And similarly for the bivariant Chern class transformation 
7 : F(-) ^ AP^(^) Q D CH{-) ® Q in case k = C. 
(iii) Assume k is of characteristic zero. Then the associated covariant transformations 
in Theorem \5.1\ (i) and (ii) agree under the identification IKo(V^^/X — >■ pt) ~ 
K^iyl^ / X) with the motivic Chern and Hirzebruch class transformations mCy 
andTy^. 

Proof. Everything follows from the different normalization conditions for a smooth mor- 
phism f : X Y , except (ii). First we explain the existence of the Grothendieck trans- 
formation 



^o(vr/-) 



F(-) 



to Ernstrom-Yokura's bivariant theory of constructible functions, resp. in case fc = C to 
Fulton-MacPherson's bivariant theory F(— ) of constructible functions satisfying the local 
Euler condition. 

(a) Let us first consider the last case. Since / : X — F is a smooth morphism, it 

satisfies trivially the local Euler condition so that 1/ := G W{X ^ Y). Moreover, 
9{f) :— 1/ is a nice canonical orientation for the smooth morphism /, which commutes 
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with the trivial multiplicative characteristic class c^(l/) := Ix G ¥{X X) of a vector 



bundle V on X. So by Theorem l3.3l we get a unique Grothendieck transformation 

e : M(V/-) ^ F(-) 
satisfying for the smooth morphism f : X ^ Y the normaUzation condition 

ei[X^X]) = lj. 

Finally, e vanishes on the subgroup Mh{V/X ^ Y): Consider a blow-up diagram 

E — ^ BlsX' 



S 



X' 



X 



h f 

with h proper and i a closed embedding such that fh and fhi are smooth. Then q : U' :— 

BlsX'\E ^ X'\S U so that 

{fhq)^lfhq - {fhiq')^lfhiq' = {fhq)Au' = ifh)*lu = {fh)*tfh ~ {fhi)^lfhi ■ 
(b) The same argument works for Ernstrom-Yokura's bivariant theory F( — ), once we know 
:= Ix e ¥{X — > Y) for a smooth morphism f : X ^ Y. Consider a fiber square 

X" — ^ X' — ^ 

-1 4 



Y' 



-> X 

I' 

-> Y , 



Y" 



with h and therefore also h' flat. Then the following diagram is commutative by the Verdier 
Riemann-Roch theorem for the smooth morphism /' (see ll30l . as well as lfT4l §10.4, p. 11 1] 
and the proof of |5, CoroUary 2.1 (4)]): 



(12) 



F{Y') 
CH^Y') 



F{X') 



c{Tf,)nf' 



^ CH^X') 



So a ;= 1/ satisfies the condition (F - 1) of lUj with Cg{Tlf) ^ c{Tf,) n /'*. But it also 
satisfies the condition (F — 2) of ifTTl . since c(T//)n commutes with flat puUback (by ifTsl 
Theorem 3.2(d)]) so that 

h'*oCg{\f) = h'*{c{Tf,) n /'*) = ciTf,,) n (/"* o h*) = C3o/.(l/) o h* . 

f 

And this implies 1/ G ¥{X — > Y), together with commutativity of the diagram in (ii) 
by the following "strong normalization condition" for the smooth morphism f : X ^ Y, 
which by the definition of the right hand side given in 1,13. p. 325-326] is equivalent to 

Cg{lf) = c{Tfi) D f* for afl base changes g: 



(13) 



7(1/) = c{Tf) . [/] e CH{X 4 Y) . 



□ 
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Remark 5.4. In the same way as above one can get the Riemann-Roch formula 

T{Of) = td{Tf) . [/] 

for a smooth (or local complete intersection) morphism f : X Y and the bivariant 
Riemann-Roch transformation r : Kaig{—) CH{~) (g) Q from ifTSl Example 18.3.16]. 
By the definition of t, the associated covariant transformation agrees with the Todd 
class transformation 



id* 



Go{X') CH-*{X' ^ pt) «) Q ~ CH,{X') ® Q , 

with the last isomorphism given by lfT3l Proposition 17.3.1]. Since t commutes with the 
bivariant product one gets for a base change g as above by the Verdier Riemann-Roch 
theorem II 131 Theorem 18.2] a commutative diagram 



(14) 



td. 



CH,{Y') 



td(Tj,)nf'* 



Go{X') 



td. 



CH^{X') 



But (i(i*)(g)Qis surjective (in fact even an isomorphism) by [13, Corollary 18.3.2], which 
implies Tg{Of') = td{Tf>) H /'* for any such base change g. And this is equivalent to the 
Riemann-Roch formula T{Of) = td{Tf ) • [/] by the definition of the right hand side given 
in lEl p. 325-326]. 

Let us finish this paper with the following problem: We don't know if Brasselet's bi- 
variant Chern class transformation 7 : F(— ) IHI(— ) to Fulton-MacPherson's bivariant 
homology ]HI(—) (see ID) satisfies for a smooth morphism f : X Y the "strong normal- 
ization condition" 



Y) 



7(1/) = c{Tf) . [/] e m{x 

with [/] the corresponding relative fundamental class? 

If this is the case, then Corollarv 15.31 (ii) would also be true for Brasselet's bivariant 
Chern class transformation 7 : F(— ) — > ]HI(— ). 

Acknowledgements. We would like to thank Paolo Aluffi, David Eisenbud, Shihoko Ishii, 
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